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Abstract

In this article, we formulate and analyze a mathematical model for the coinfection of
HBV and COVID-19 that incorporates the effects of Brownian and Lévi noise. We studied
the dynamics and effects of these diseases in a given population. First, we establish the basic
reproduction number of the disease-free equilibrium point of the stochastic model by means of
a suitable Lyapunov function. Additionally, we provided sufficient conditions for the stability
of the model around the disease-free equilibrium points. Finally, using a few simulation
studies, we demonstrate our theoretical results. In particularly, we derived threshold values
for HBV only R, COVID-19 only, R, and coinfection R§ ;o for the stochastic model
around disease-free equilibrium point. Next, the conditions for stability in the stochastic sense
for HBV only, COVID-19 only submodels, and the full model are established. Furthermore,
we devote our concentrated attention to sufficient conditions for extinction and persistence
using each of these reproductive numbers. Finally, by using the Euler-Murayama scheme, we
demonstrate the dynamics of the coinfection by means of numerical simulations.
Keywords: COVID-19, Hepatitis, Stochastic model, Lévi noise, Global Stability, Local
Stability

1 Introduction

Both Coronavirus Disease 2019 (COVID-19) and Hepatitis B virus (HBV) infections remain major
public health threats [4]. COVID-19 is caused by Severe Acute Respiratory Syndrome Corona
virus 2 (SARS-CoV-2) and affect the functionality of the respiratory system. It is spread from
one person to another by coming into direct contact with respiratory droplets from an infected
individual. It can also spread by touching surfaces contaminated with the virus and then touching
the face. On the other hand, HBV disease is caused by the hepatitis B virus and is associated
with serious liver infection, leading to liver malfunction, including cirrhosis, liver fibrosis, and
hepatocellular carcinoma. Both COVID-19 and HBV are life-threatening diseases that have been
declared global health problems [18]. For example, [32] reported that more than 3 billion people are
infected with HBV globally. An estimated 7 million COVID-19 deaths and 700 million infections
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have been reported since December 2019 [I§]. These statistics demonstrate how devastating HBV
and COVID-19 diseases are worldwide. Presently, global efforts have been made to develop and
distribute COVID-19 vaccines, aiming to reduce severe illness, hospitalizations, and deaths.

Over the years, mathematical models have provided frameworks for explaining transmission
dynamics and for making necessary interventions for several infectious diseases; see, e.g. [2, 11 28|
Bl [7, [16]. Several models of COVID-19, HBV and other infectious disease transmission dynamics
have been developed in the literature.

The transmission dynamics of COVID-19, HBV, and other diseases have been extensively
studied, mostly in isolation. Both deterministic and stochastic models have been developed to
understand the spread of these diseases [13, 11, ©]. In [I1], the authors deemed the susceptible-
exposed-infectious-recovered (SEIR) model introduced by [34] to describe the transmission dynam-
ics and forecast the national and global spread of COVID-19 disease to be simplistic and largely
unrealistic because it excluded the relapse from recovered class to susceptible class. Like [34],
authors including [22, 30] also made an assumption of no relapse from the recovered to the sus-
ceptible class, an assumption that is critiqued in [28]. [26] examine the extinction and persistence
for a HBV only model and also conducted simulations on the model.

Amidst inconclusive findings from clinical studies on whether one disease increases the severity
of another disease in the event of coinfection ( see e.g. in [4, 29]), there has been a spike in interest
for both clinical and theoretical scientific research on disease coinfections in recent times. The
theoretical study of coinfection through mathematical modelling will be valuable to shaping our
understanding of transmission dynamics of these diseases. A number of studies that have been
done on co-dynamics of COVID-19 including Dengue [23], cholera [10], malaria, [20, [I], 211 [3] 19]
and co-dynamics s TB | see, e.g. [24, [14]. [29] employed a deterministic model and examined
the effects of optimal control strategies on the Covid-19, HBV coinfection transmission. On the
other hand, [§] examined COVID-19 and HBV coinfection by employing Gaussian noise to explain
the perturbation in observed data for the COVID-19 and Malaria coinfection model. Stochastic
coinfection models are very scarce in literature, and more so for COVID-19 and HBV Stochastic
coinfection models. While mathematical models, see, e.g., [I7, 28], have been proposed to describe
the dynamics of diseases including COVID-19 and HBV, there is a dearth in studies imprint the
effect stochastic perturbations on COVID-19-HBV coinfection. In this paper, we employ both
Gaussian noise and Non-Gaussian noise to explain the noise in the Coinfection of COVID -19
and HBV in the presence of COVID-19 Vaccination, and determine conditions for extinction and
persistence for the coinfection model.

Stochastic coinfection SIRS models unlike classic or deterministic SIRS models, incorporate the
effects of random fluctuations in the transmission dynamics of disease and recovery rates, as well
as the possibility of coinfection by different diseases. In [35, [15], the authors formulated techniques
for examining existence, uniqueness and persistence of solution. Understanding and analysing
the dynamics of infectious illness transmission in both humans and animals can benefit from
mathematical modelling. The persistence or extinction of the diseases depends on several factors,
such as the basic reproduction numbers, the coinfection rates, and the stochastic perturbations;
hence, determining the conditions for the persistence or extinction of the diseases is a cumbersome
task. One of the methods proposed to analyze the persistence or extinction of stochastic coinfection
SIRS models is the use of Lyapunov functions, which are scalar functions that measure the distance
from an equilibrium point [33]. For example, [33] employed Lyapunov functions to show that if the
basic reproduction numbers of both diseases are less than one, then the disease-free equilibrium
is globally asymptotically stable for a stochastic coinfection SIRS model with nonlinear incidence
rates and cross-immunity effects. In this paper we develop condition for extinction and persistence
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for coinfection model.

In this article, we will formulate a mathematical model which builds on (2) of [§] by firstly
assuming relapse to susceptible state. The new model includes COVID-19 vaccination state, and
also assume the presence of both standard random fluctuation and massive disturbances which
arise due to sudden environmental shocks in the transmission dynamics. The novel coinfection
model will open up some new avenues for further research in stochastic modelling dynamics of
coinfection of diseases. Specifically, our study seeks to investigate the following objectives:

1. To develop a compartmental model for explaining the transmission dynamics of HBV-COVID-
19 coinfection.

2. To establish the Invariance and Positivity of the stochastic system for coinfection Model.

3. To determine the basic Reproductive number for Stochastic HBV Only, COVID-19 Only and
Coinfection models respectively.

4. To determine conditions for stability at Disease Free Equilibrium for Stochastic HBV Only,
COVID-19 Only and coinfection models respectively using Brownian Noise and Poisson Lévi
Noise.

5. To present numerical simulations and discussions of the model.

The rest of the paper is organised as follows; Section |2 discusses the Mathematical Model and
the underlying assumptions. In Section 3, we analyze the COVID-19, and HBV sub-models as well
as the Coinfection model. Section [4]is devoted to discussing the numerical method and numerical
simulation of the model. Finally, we present the conclusion in Section

2 Mathematical Model Formulation

In this section, we consider a stochastic compartmental mathematical model that uses differential
equations, see Figure [I]
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Figure 1: Compartmental diagram for the COVID-19 Hepatitis B coinfection cohort.
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The sub-populations of the human population at time ¢, denoted by N(¢), include susceptible
individuals S(t), COVID-19 vaccinated individuals V' (¢), COVID-19 infected individuals I (t),
Hepatitis-B infected individuals I(t), individuals infected with both COVID-19 and Hepatitis-B
Inc(t), and recovered individuals R(t).

We will consider the following assumptions;

(A1) The total human population (N(¢)) is a sum of all the different compartments, i.e.
N(t) = S(t) + Ic(t) + In(t) + Inc(t) + R(t) + V(). (1)
(Az) Covid-19 Vaccination wears off after some period of time.

(A3) There is relapse to susceptible state,

(A4) There is no vertical transmission.

(%it) = w + O'VV(t> + O'RR(t) — (BH[H(t) -+ BC[C(t) + ﬂHCIHC)S(t) o (/L + 9)S<t)
d[;;t(t) = Bulu()S(t) — 0 lu(t)Io(t) — (a + w) () — pulu(t)
dlc(t)

i = Bclc(t)S(t) = dolc(t)Iu(t) — (v + p)lc(t) — pclc(t) @)
W) e (S0 + 61T (OIet) + Sale (O (t) — (1 + 1) Ie () — preTuc()

—~

t
d]fl—ft) = pulu(t) + pclc(t) + paclnc(t) — orR(t) — pR(t)
\ d‘;_it) =0S(t) — pV(t) — oy V (1),

with initial conditions S(0) > 0,1(0) > 0,15(0) > 0, Izc(0) > 0, R(0) > 0,V (0) > 0. B¢, By are
the effective contact rate for COVID-19, and HBV respectively.

Two popular ways to introduce stochastic factors into epidemic models are: (i) to assume some
small and standard random fluctuation, (ii) to assume massive disturbances caused by sudden
environmental shocks. The first, is described by Gaussian white noise while the second is described
by the Lévy noise. It is assumed that fluctuations in the environment will manifest mainly as
fluctuations in the parameter 3, i.e. 8 — S+ dB;(t), (i = 1,2,...,6), where dB;(t) is a one
dimensional standard Brownian motion with B;(0) = 0, and ¢; is the intensity of the white noise.
Also a multiplicative noise is considered in our model, as random term depends on the state space,
e.g. [8]. The Lévy jump process, thus, is divided into linear drift term, Brownian motion and
compensated Poisson Process. The stochastic model of the system takes the following form:
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Table 1: Parameters and description

Parameter | Description of Parameters

(0 Recruitment rates of human

B Effective contact rates for COVID -19

150 Effective contact rates for HBV

Buc Effective contact rates for Coinfection

3 COVID-19 Effective contact rates for HBV infectious humans.
0o HBYV Effective contact rates for COVID -19 infectious humans.
PH Recovery rate for HBV infected individual Iy

pc Recovery rate for COVID-19 infected individuals /¢

PHC Recovery rate for Coinfected individuals Iy¢

o COVID-19 immunity waning rate
0 COVID-19 Vaccination rate

1 Natural Death rate of humans

0 COVID-19 induced death rate

! HBYV induced death rate

(dS(t) = [b+ovV(t) + 0rR(t) — (BuTu(t) + Bole(t) + Bucluc)S(t) — (1 + 0)
S(t)]dt + e1S(t)dBi (t) + [, ¥1(w)S(s)N(dt, du),
dTy(t) = [Bulu(t)S — 6, 1u(t)Ic(t) — (a + 4 pu) T ()] dt + e (£)dBa(t)
+ [, () Iy (s7 )N (dt, du),
dlo(t) = [Belo(t)S = dle(t)Tu(t) — (v + p+ po)lo(t)]dt + esIo(t)dBs(t)
+ f, Us(u)Ie(s)N(dt, du), (3)

dlgc(t) = [Bucluc(t)S +oulu(t)lc(t) + dolo(t)Iu(t) — (n+ p)luc(t) — pacluc(t)]dt
+€4]HC( )dB4 + fZ/{ \114 IHC( )N(dt,du),

dR(t) = |pulu(t) + pcolc(t) + pacluc(t) — (0r + p)R(t)]dt + es R(t)dBs(t)
+ Jy Us(u)R(s™)N(dt, du),
dv(t) = [0S(t) — uV(t) — oy V(t)]dt + 6V (£)dBs(t) + J,, Ve(w)V (s7)N(dt, du),

where dB;(t) is independent of A'. ANis a Poisson counting measure with compensating martin-
gale N and characteristic measure v on a measurable subset & € (0,00) where v(U) < oo and

U, : U —- R (i=1,2,3,4,5,6) denotes the effects of random jumps and is bounded and contin-
uous. It is assumed that v is a Levy measure so that N' = N(dt, du) — v(du)dt. We note that
St ), Iy(t™), Ic(t™), Inc(t™), R(t™), V(t7) denote the left limits of S(t), I (t), Ic(t), Inc(t), R(t), V(¢)
respectively.

The following definitions are necessary for the analysis of the stochastic model.

Definition 1 (It6-Lévi [26]). First, set RT = {x; € RL,x > 0,d > 1}. Suppose a complete
probability space (Q, F F, >0, P) with filtration Fy > 0, which satisfies the usual conditions. B;(t)
1s defined on this probability space.
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We assume an Ité -Lévi process, X (t) € T, of the form

dX(t) = F(X (), t7)dt + G(X(t7),t7)dB(t) + / U(X(t7),t™, u)N(dt, du), (4)

u
where, F : R" x Rt x § - R, G : R*" xR, xS = R, and ¥ : R*" xRN, x S xY —
R" are measurable functions and X (t~) denotes the left limit of X(t). F(X(t),t) represents the
linear drift term, G(X(t),t) the Brownian noise, N (dt,du) represents the compensated Poisson
random measure, and V(X t,u) represents the intensity of jumps. It is assumed that the condition

Ji (IF(X )] 4+ G2(X,8) + f, WX, s, u)u(du) ) ds < oo

Definition 2 (It6-Lévi Formula [26]). We consider the process X expressed by and let V €
CPLR™ x RT x S;R,) such that Y = V(t, X(t)). Then, Y(t) is again an It6-Lévi process and

AY(t) = Vy(X, 1)dt + Vx (X, 8)[F(X, t)dt + G(X, t)dB(t)] + %tmce[GT(X, H)Vxx (X, 1)G(X, 1)dt

+ / V(X + W(X, 1) — V(X,t) — Vi (X, )0(X, t, u)]o(du)dt + / V(X + W(X, 1))

—V(X, )N (dt,du).

Which is the representation of generalized Ito’s formula with jumps.

bWV, (Vv VN PV
oY T \oxy X, T ox, ) T T \oXox; ) .,

To gain insights into the underlying mechanisms that drive the spread of infectious diseases to
identify the long-term behaviour of disease transmission we conduct qualitative analysis of the
stochastic model (3).

3 Qualitative Analysis of Model

In this section, we present the Positivity of the Solution to , determine the Reproductive Number
for Single Disease Models and Coinfection model, determine the conditions for Local and Global
equilibrium for COVID-19 only, HBV only, and for Coinfection model. Further we determine the
conditions for Extinction and Persistence for all three models.

3.1 Positivity of Model

A first step is to determine the positivity of solution to the stochastic system as a negative
state will not be biologically meaningful. We will show the positivity of the first equation in.

Theorem 1. Let ((S(t), I[x(t), ..., V(t)) be a solution of system (3)), given initial values ((S(0), Ix(0),
., V(0)) € Q, where Q € RT, then limy oo S(t) > 0,limy_y00 Iy (t) >0, ..., lim; oo V() > 0.

Proof. Let us consider . By eliminating terms and rearrangement, we obtain
2 [ — (Bulu(t) + Bclc(t) + Bacluc(t)) — (p+ 9)] dt + €;dB(t) = —rdt + €;dBy(t), (6)

6
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where r = B lg(t)+Pclc(t)+Brcluc(t) — (u+0). Next, we take a function g(t, S(t)) = In(¢, S(t))
and apply Ito’s formula to get,

Lo L aer = Las L
AW (1) = 5dS — S (dS)? = <dS — S(éd),
ds (7)

1
= = dln S(t) + §(e§dt).

Combining () and (7)), solving for S(¢) and taking the limit we obtain,
lim S(t) > lim S(0)e~ "zdtabi) >
t—o0 t—o0

Hence S(t) is positive definite. Similarly, lim; . 5 (t) > 0,lim; o Ic(t) > 0,limy_yo0 Igc(t) >

3.2 Invariant Region of Stochastic COVID-19 and Hepatitis B Coin-
fection Model

An investigation of the invariant region of the model will help us determine the set of states for
which the disease will eventually either persist or die out infinitely.

Theorem 2. Let N(t) be the population of system (3), given initial values N(0) > 0, and e > /2,
then 0 < limy oo N(t) <2, and (S(t), Iu(t), ..., V(t)) € .

Proof. By adding and simplifying terms in and choosing € = max(e;) we obtain;

dN(t) < (¢ — uN(t))dt + eN(t)dB(t) + / U(u)N(t )N (dt, du).

% < %dtJredB(t) + /u W (w)N(dt, du) (8)

< pdt + edB(t) + / U(u)N (dt, du).

u
Applying we have,

dIn N(t) < 1bdt + edB(t) — %(eth) - / (U (u) — In(1 + ¥ (u)))o(du)dt
“ (9)
+ / In(1 4+ W ()N (dt, du).
u

We let D = — [ (W(u —In(1 4+ ¥(u)))v(du)dt + [, In(1 + W(u))N(dt,du). The complementary
solution to ) was obtained as

N(t) < N(o)e—(%eQ_w)t—i-eB(t)—i-fot'D'
Next, we determine the particular solution of and obtain the general solution of as

N(t) < N(O)e-Ge—weBmfin . ¥
(£) < N{O)e it edB)

We then find the lim;_,, of the general equation of (8) and apply comparison to obtain

) < L —(3E—Y)t+eBO+ [y D | 1 L < %
0 < lim N(t) < lim N(0)e™"> °7+ lim (u—+edB(t) — u
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3.3 Disease Free Equilibrium Point

We consider the first equation of (3. For disease free equilibrium, we have I (t) = 0, R(t) = 0,
ds(

and let Tt) = 0, solve for S(t), and apply comparison to obtain,

U — uS(t) + e.S(t)dBy +/ Uy (u)S(t)N(ds,du) =0,
u

S(t) = L4 - < 2
pA+ e (dBr) + [, Ui(u)N (ds,du) ~— p
Since 0 < €,(dBy) + [, ¥1(u) < m < oo, where m is a positive constant, the final inequality is
obtained by comparison. Hence, the disease free equilibrium is given by

EOC = (Sa [CaRa V) = (%707 070) . (10)

3.4 Reproductive Number of COVID-19 only Model

Theorem 3. Given D.F.E. point Eyc = (%, 0,0, ()) , the Reproductive Number of COVID-19 only
model Ry < 1.

Proof. Applying Ito- Lévi formula to the COVID-19 infected class of , we obtain

2

dnlo(t) = [BoS(®) — (v+u+po) = 2) = /u (W(u) — In(1+ Ws(u)))v(du)| dt

(11)

+ e3dB3(t) + /(ln(l + Wy (u))N(dt, du).
u

Considering initial infections F' and secondary infections V', we determine the basic reproduction
number by means of the next generation matrix as follows

1
F= % — 56:23 —In(1+ U3(u)))v(du),and V =~+ p+ pc,

PV = oo (P22 - S [ () = 1+ i )eta)

Taking the spectral radius of FV ™1 ie., p(FV '), we obtain,

p(FV™Y) = Rie = (+ -+ pe) c% = /M(%(“) ~ (1 4 Wa(u)))o(du) )

3.4.1 Local Stability of COVID-19 Only Model

Theorem 4. If Ri. < 1, then for any initial values of (Sy(0),1c(0), R(0),V(0)) € R, Io(t)
111[0<t)

satisfies lim sup,_, . <0
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Proof. By integrating both sides of and evaluating at disease free-equilibrium point point, we
have,

InIo(t) — InIo(0) = Bcw (wwpﬁ €2>t+/0 €3d B (r)dr —t/u(\llg(u) — In(1 + T3(w)))v(du)

/ /m |4 Wy ()N (ds, du),

2
- {%—mwpa)—%wﬂt+Hs<t>+«437

where
Hs(t) —/0 e3dBs(t), € = /u(\Ifg(u)—ln(l—l—\I!g(u)))v(du), and Asj —/0 /uln(l—l—\lfg(u))/\N/(ds,du)

are a martingales given [ In(1+ Ws(w))N(dt, du) < oo, 0 < t < T. Dividing through by t and
taking lim sup,_, ., of both sides, we get,

In Io(t In (0 2 t
limsupn—CU = i 2000 + fev (Yt ptpo)— D€ +limsupH3—<)
t—0o0 =00 t K 2 t—00 t
+ lim sup é,
t—o0 t
Bot € £
—(y+p+p0)| -1- - | <o,
p(y + 1+ pe) 20v+ptpc)  (v+p+pc)
<(v+u+po) (R —1) <0.
The final inequality holds if (R§, — 1) < 0 as (v + u + pc) > 0, which implies, R, < 1. O

3.4.2 Global Stability of COVID-19 Only Model
Theorem 5. If R, < 1, then Eyc is globally asymptotically stable in 2.

Proof. We consider the Lyapunov function,

0
L(t) = {w fabt w_} o),
10
dL, [ Qw} Beyp €3dBs(t)
=l tad+—| (yFpt — 1+ ——t
T (o bt u pc>[#(v+u+pc) (v+u+pc)
1
—B| ().
Y+ u+pc 20
For 26 <0, |22 — 14 S50 4 AB| <0, B = [, Wy(u)N(dt, du), and Q = (7 + 1 + pc).
Bep €3 Betp e3dBs(t) 1
— 1l | < |—= -1+ ——+ <B| <0,
a 2Q Q} a Q 'Q
since Ri < 1. Hence L, is globally stable in the domain €. O
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3.5 Basic Reproduction Number for HBV Model

We consider only HBV transmission in human. The model of the system is given as .

Theorem 6. Given D.F.E. point Eyyg = (%, 0,0, O) then the Reproductive Number of HBV only
Model R§y < 1.

Proof. Applying Ito- Lévi formula to the HBV infected class of , we obtain,

2

din Iy (t) = <BHS(t) — (a+p+pm+ %2) - /u(qu(u) ~In(1+ \Ilg(u)))v(du)>dt

(12)
+ eadBo(t) + / (In(1 + W ()N (d, duc).

Considering initial infections F' and secondary infections V', we determine the basic reproduction
number by means of the next generation matrix as follows;

1
F—BH—w——e2
i

562 /(\IJQ(u) —1In(1+ Uy(u)))v(du),and V =a+ p+ pp,

PV = (oot o) (P = S () a1 o))l

Taking the spectral radius of FV ™! ie., p(FV 1), we obtain,

PV = iy = (ot o) (P22 = Z = [ (W) =1+ Wau)o(an))- (13)

]

3.5.1 Local Stability of HBV Only Model

Theorem 7. If Ri, < 1, then for any initial values of (So(0), I[x(0), R(0)) € R3, I(t) satisfies
InIg(t) < O
= <0.

lim sup,_, o

Proof. We integrate both sides of (12 and evaluate at D.F.E. point to obtain,

) B By €
n/ly(t) =Inlg(0) + 7_(Q+M+PH)—§—5 t+ Ha(t) + As,

Next, we divide through by t, find lim sup,_,., and apply the strong law of Martingales as follows,

2
limSUp@ = lim hl[H(O) + {ﬁzw — (a +p+ PH) _& g} HZt(t)

t—00 t—o0 t 2

+ lim sup

t—o00

. As
+ lim sup —,
t—o00 t

:(()z—F/L—{—pH)[ ki -1- & — £ <0,
pla+ pn+ pu) 20+ p+pu)  (a+p+po)

<(a+p+pu)(Rog —1) <0,
Wthh completes the proof. (ROH —1) < 0as (a+pu+ py) > 0, which implies, Rjy < 1 where
Halt) = Ji xdBa(t), € = [ (Fa(u) — In(1 + Wa(u)))o(du), and As = [} i, In(1 + W) AV (ds, du)
are a martlngales glven JoIn(1 4 Wy (u))N(dt, du) < co, 0 <t <T. O
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3.5.2 Global Stability of HBV Only Model
Theorem 8. If Ry < 1, then Eyy is globally asymptotically stable in 2

Proof. We consider the Lyapunov function L,

Ly(t) = {¢+a5+qﬁ—§} (1),
W—{ﬁb‘i‘a(s—i_ﬂ(g} (a—’_’u—i_pH)[,u(a-i-M—FpH) 1+(04+N+PH)
1
—i—mB}IH(ﬂ-

For % <0, [% -1+ —Qd%(t) + %IB%] <0,B= fu \IJQ(u)./\T(dt,du), and P = (a+ p+ py).

Buy g €& Buy €2dBy(t) 1
R R B L L
[ P STE ) Al I R R ol
Rig —1<0.
hence Ly is globally stable in the domain 2. O]

3.6 Reproductive Number of Coinfection Model

Theorem 9. Given D.F.E. point Eggc = <%, 0,0,0,0, 0) , the Reproductive Number of Coinfection
Roge < 1.

Proof. Applying Ito- Lévi formula to the Coinfected equation of , we obtain,

()= [nes + WA | WO _ ) -4
+ /M (Wy(u) —In(1 + \114(u)))v(du)}dt + e4dBy(t) + /M In(1 + Uy (u))N(dt, du).

(14)
Considering initial infections F' and secondary infections V', and since 0 < I, Iy, Igc < N < %

F = BucS  olu()lc(t) | dalc(t)In(t)
K Tyc(t) Tuc(t)
V= (77 + u+ pHc)

_ %6421 — /L{(\I/4(u) —In(1 + Uy(u)))v(du),

ﬁch 51¢ 52¢ 642l_ uw) — In U vidu
£ S0 2 S () = 1+ )]

Taking the spectral radius of FV !, ie., p(FV™!) = R, we obtain,

Bucy i 019 4 L i - /L{(\y4(u) —In(1+ \P4(U)))U(d“)>’

% Iz po 2

FV < (n+u+pHc)‘1[

Ripce =+ pu+ puc)™ <

11
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3.6.1 Local Stability of Disease Free Equilibrium point in the Coinfection Model

Theorem 10. If Ry < 1, then for any initial values of (S(0), Ix(0), 1c(0), Inc(0), R(0),V(0))
In IHc(t)
—

Proof. Integrating (14), eliminating terms, choosing constants, and setting G = (7 + 1 + puc)
yields,

()~ fo(0) = 2120 4y [ IEME s, [,
0 0

€ R, Iyc(t) satisfies limsup,_,

IHc(S) IHc(S)
2
€
- [(77+u+pHc) + 54 — 5]t+7'[4(t) + Ay,
) 0 2
< [’BHW L0t o) — G — E)t+ Ha(t) + A
Iz Ju It 2
Next, we divide through by t, find lim sup,_, ., and apply the strong law of Martingales as follows,
InTyo(t In/ ) 4 7 t
limsupLC() < lim 1 1c(0) + {Bch + 1y + 2 _ G-49_ 5] + lim sup Ha(t)
t—00 t—00 t i o o 2 t—00 t
) A
+ lim sup —,
t—o0
Brcy 51¢ 52¢ 6?2,
<( —-1- 5} <0,
< (1t ptpu [ TG 2G

<+ up+puac) (R OHc—1)<0

The ﬁnal 1nequahty holds if (R} 0 HC 1) <0as (n+ u+ pc) > 0, which implies, RS, < 1 where
Ht) = 1 lBA), € — [y (al) —In(1 o) o) nd A = [ (1 1 ()N (o)
are a martmgales given [, In(1 + \114( VDN (dt, du) < 00, 0 <t <T. O

3.6.2 Global Stability of Coinfection Model

Theorem 11. If Ry~ < 1, then Eypc is globally asymptotically stable in §2

Proof. We consider the Lyapunov function, Net we differential and employ comparision to deter-
mine conditions for Global Stability of Coinfection.

Ls(t) = [z/z +ad + @] Inc(t),

10
dLs o lg(t)Ic(t)  Solo(t)Iy(t)
— = 0+ — — dBy(t
o = |V oo+ | [pues + 2L 8 Twot) 1 utpne) T adBi(t)
+ / \114(u)N(dt,du)] Ino(t).
u
dL ) 0.
For d—;’ <0, |:5Hc¢+17w+2—w—G+€4dB4( )+IB%] < 0,and G = (n+ p+ puc)-
Buacy | 01 | oy & Bucy | 0y | ot e4dBy(t) B
1 _ B It A Mt
[MG e TG 2G G] [G et TG +G]<O’
Ronc —1 <0,
Rome < 1.
hence L3 is globally stable in the domain 2. O]
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3.7 Extinction of HBV- COVID-19 Coinfection disease

Next, we determine conditions under which the disease will eventually die out in the population
with a probability of one. In this section we study the conditions of extinction for the coinfection
model.

Definition 3. [8] We define (Iy(t)) =1 fo Iy (r)dr, and (Ic(t)) =1 fo Io(r

Lemma 1. [25] Let (S(t), Ic(t), Inu(t), Inc(t), R(t), V(t)) be the positive solution of system ()
with given initial condition (S(0),1c(0), I(0), Inc(0), R(0),V(0)) € RS, Let also X(t) be the
positive solution of equation (4) with given initial condition given condition X (0) = N(0) =
S(0) + Ic(0) + I (0) + Iyc(0) + R(0) + V(0) € Ry. Then

X _

X(t)

2. limsup, ,, =~ =0

3. im0 1 [0 X (s)dW (s) = 0, and
4. limtﬁoo%fot |, n(w)X(t )N =0, a.s.
Theorem 12. Let (S(t), Iy(t), ..., V(t)) be the solution of (3) with initial values (S(0), I (0), ...,V (0) €
=0)

Q) the coinfection disease of model . goes extinct almost surely (limy_, Igc(t) a.s zf one
of the following assumptions holds:

1. Rje > 1 and max(Riy, Riyc) < 1,
2. Ryy > 1 and max(RE, Ripc) < 1,
3. max(Réo, Rép Ripe) < 1.

Proof. By integrating , dividing by t, adding terms, followed by some algebraic manipulations
we obtain the following equations:

u(Iy(t)) = — lu(S(tD + u{Ic(t)) + u(Iuc(t)) + p(R@)) + p(V(t)) | +Q(t)

- {<S(t> —50) , Tn®) = In(0) , Tct) = 1c(0) | (Tncl) ~Inc(®) o
t t t t
+ (EO-RO) | (VO - VO],
wle(t) = - {u(s(t» +u(Iu(t) + n(luc(t)) + p(R(E)) + (V1) | + Q)
) {(S(t) —50) , I = 1a(0) | Ue®) =1e(O) | Tnc®) = Inc(0)
14 t t t
L (B - £0)) | (V) - V(0))

13
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where

(r) +
//%[H dmu;/
L [t s [
T [ Wasay

Next, we integrate both sides (14]). Since 0 < Iy(t), Ic(t), Inc(t) < N(t) < % we get,

/u
/

t 2

t t
i Tnc) < e [ Sirsdn [ e+, / wr)dr = (0 + i+ prc)t — & 1 cudBy(1)
0

— esdBy(0 / / In(1+ Wy (u) )N (dt, du) + In Tyee(0).

(17)
We divide through by t. Next we substituting and into ([17)) we obtain,
M < BHC% + 511 /t Io(r)dr + 521 /t Iy(r)dr — (n+p+ puc) — % + %646134(15)
€ :B In I5¢(0) (18)
_ adBi( //1n1+\114 N(dt, du) + +C
P < et 4602 [0 = |(S(0) + {10 + e Lc(0)) + u(RO) + u(V(0)] + Q00
_ [(S(t) — 5(0)) n ({u(t) — 1u(0)) n (Io(t) — 10(0)) n (Uuc(t) — Inc(0))
t t t t
I (R(1) ; R(0)) n (V(t) ; V(O))] 1+ 52% [w B {M<S(t)> + il Io(t)) + p{Tuc (1))
#(R() + v @) + @) - | 02 1ulO), Uelt) 2 e
- Ulnctt) ~LuclO) , (RO~ RO) | /1)~ v<o>>} = 4 )~
4 @adBult) = E‘*dB‘l / /ln (1 + Wy(w))N(dt, du) + —ln[ﬁf(o).
(19)
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Next, we find lim sup,_, ., and apply a Lemma 2| and Lemma [1| to obtain following results,

imsup "5 < i sup [@Hc% v [u<s<t>> (T (®)) + 1{Tuc(®)) + n(R®)) + u(V (1))
- [0 50, (0= 1y0) , (el)~ 160, el Fuc(0)
() RO WO ZVON] 5 2 o5t0) ) + et
#(RO) + (v )] + @) - | L LulO) Telt) 2 e
| Unclt) lclO) | (RO —RO)  VOVONT] -
| cdBal) - «dBi(0) | % / t / In(1 + W, () N (dt, du) + 220 (0) ]’f(o)] |
(20)
lim sup lnIiC(t) < [BHMW + 52” + 521& — (n+ p+ prc) — %] . (21)
. In IHc(t)
hrtrisogp ——— <+ p+puc) | Rige — 1]
orc = Rome — %(77 n /fj_ o) < Lsince Rype = (n+ p+ puc) ™ [BH:¢ + 55/) + 5Zw - 1] <1,
hence
tlgilo sup M <0,and tlgglo M < 0, which implies, tlg?o Inc(t) =0 (22)
Similarly, we can prove tliglo Ic(t) = 0 when R < 1, and tlg& Iy(t) =0 when R§, < 1. O

3.8 Persistence in mean

Persistence of a disease means that the disease will remain endemic in the population with positive
probability. We study the disease persistence for the system reported in and derive that the
disease persists under certain some conditions.

Definition 4. [§] Persistent for Model will hold if,

1 t
liminf—/ X(r)dr >0 a.s.
0

t—oo

Lemma 2. [6] Set g € C [[O, oo] x €, (0, oo)], assume that there exist &, & > 0 such that

Ing(t) > & — & /Otg(s)ds +G(t) a.s YVt >0,

such that G € (C[[0,00] x €2, (0,00)]) satisfying lim @ =0 a.s. Then lim (g(t)) > fa.s.
t—o0 t—o0 0

15
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Theorem 13. Let (S(t), Ig(t), Ic(t), Inc(t), R(t),V(t)) be a solution of system with initial
values (S(0), I(0),1c(0), Izc(0), R(0),V(0)) € .

1. If Ry > 1 and max(R ,Ripc) < 1, the disease Iy persists in mean. In addition, Iy holds
lim (7(8)) > (o + p+ pr) (Rowr — 1) -
2. If R > 1, max(R{y and Riye) < 1, then the disease I is persistent in mean. In addition,
1o satisfies

lim (Io(t)) > (v + i+ po) (Roe — 1)

Proof. We begin with the first statement of the theorem. By rearranging terms in , we get:

p(S(t)) = v — {MUH@» + u(Io(t)) + p(Tuc(t)) + p(R()) + u(V (1)) | +Q(t)

S(t)— S0 Iy(t) — Ig(0 Io(t) — 1(0 Igc(t) — Igc(0
_{( ()t ©) | Un(®) : n(0) | Uc(t) : ol ))+(Hc()t uc(0)) (23)
R(t) — R(O V(t)—V(0
L (B - R(O) (V) ())}
t t
Next, we integrate both sides of , and eliminate terms to obtain,
t t 1 [t
Inly(t) > BH/ S(t)dr —/ (a+ p+ pg)dr — 5/ esdr. (24)
0 0 0
We divide by t, substitute into , and find liminf, ,, . to get,
.. InTy(t) _ Buy 1, By €
1 f > — — —et = —1— .
et T g (o) =5 = (ot o) pla+p+ pn) 2(a+p+pu)

Then, by Lemma [2| and since R{; > 1, we conclude,

lin (Iy(1)) > lim (T4 (1)) > (o + i+ pu) (R — 1) > 0,

t—+o0

which concludes the proof. Next we prove the persistence in mean for COVID-19. Let us integrate
both sides of , and then eliminate terms to obtain,

t t 1 t
InIo(t) > Be / S(t)dr — / (v+ i+ po)dr — / 2dr. (25)
0 0 0
We divide by t, substitute into , and find liminf, ,, . to get,
. Indo(t) _ Bo € { Br €
lim inf > +putpo)— 2 =(y+p+ -1-—2
oo t ft ~tuteo) =5 =0t uteo) p(y + p+ pe) 2(y + p+ pe)

Then, by Lemma [2| and since R > 1, we conclude,

lim (To(t)) > Tim inf(Te(t) > (v +p+ pe) (Rie — 1) > 0.

t—+o0

Finally in a similar way, we can prove persistence for coinfection of diseases;

t—+o00

lim inf(Igc(t)) > (n+ p+ puc) {RgHC — 1] > 0.

16
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Table 2: Parameters Values of Source

Parameter | Value Source

P 0.3 Assumed
150 0.003 [26]

Bc 0.005 Assumed
Buc 0.001 | Assumed
o1 0.005 Assumed
09 0.005 Assumed
PH 0.200 Assumed
pc 0.424 Assumed
PHC 0.150 Assumed
ov 0.1 Assumed
OR 0.0012 | Assumed
0 0.3 Assumed
0 2e-3/7 | Assumed
n 0.00001 | Assumed
W 0.01 Assumed
« 0.0001 | Assumed
€ 0.1 Assumed
A 0.5 Assumed

4 Numerical Results

In this section, we employ a standard numerical procedure In this section, we employ a standard
numerical procedure to obtain numerical simulation results for the HBV-only, COVID-19-only, and
HBV-COVID-19 coinfection models. The objective here is to verify the theoretical results obtained
earlier in this paper. The parameter values used along with their sources are displayed in Table [2|
A few values were assumed. As we sought to verify theoretical results, we selected initial values
of S(0) = 3000, I5(0) = 10,1-(0) = 10, I5c(0) = 10, R(0) = 0,V (0) = 40 The Euler-Maruyana
scheme [12] was employed in conducting the numerical simulations for all models. The results
from numerical simulation for HBV only, COVID-19 only and Confection model are presented in

Figures 2 - [§

4.1 Hepatitis B Virus Only Model

By using fixed values of all parameters shown in Table [2| we plot the curves representing the
dynamics of the susceptible, infectious, and recovered classes in the HBV-only model . The
graphs of the compartments are presented in Figure [2] reveal. From the parameter values in Table
2l we obtained our basic reproduction numbers Ry < 1.

We observe initially, from Figure [2| that as number of infectious population increase in time,
the susceptible population decrease. However, in the long run, the solution curves for both the
susceptible and infective compartments behave like decreasing functions and approach a fixed point.
A decrease in the number of susceptible individuals occurred within a relatively short period of
the epidemic, after which there was no marked change over time. On the other hand, the decline
in the number of infective compartments tends to increase but eventually declines to a fixed point.

Similarly, the recovered class also approach a fixed point in the long run. In other words, all
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Figure 2: Solution for HBV Only Model.
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Figure 3: HBV Infection with varied effec- Figure 4: Recoveries with varied effective re-
tive contact rate. covery rate.

compartments will reach to the respective endemic fixed point of model within a finite time
and in long run.

The numerical outcomes verifies the theorem statement that when Rj; < 1, then the disease
free equilibrium is locally and globally asymptotically stable . The impact of various parameter on
the transmission dynamics of HBV is explored. Numerical results are presented in Figure [3| and
Figure 4] We proceeded by first investigating the effects of effective contact rate on population
of infected individuals. This was done using selected values of effective contact rate ( Sy =
0.001,0.002,0.003), while all remaining parameter values of the model were held constant. From
figure [3, we observe that as values of contact rate increases, there is an increased possibility for
the population to be infected by HBV, and vice versa.

Next, we investigated the effects of recovery rate on population of Recovered individuals (R(t)).
Similarly, we held all other parameters constant, and selected varied recovery rate (py = 0.05, 0.06,
0.07) for this investigation. We observe Figure , that more individuals recover with increasing
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value in pg, thus, the reducing the number of infectious individuals. From this we can conclude
that by treating the infectious individuals the infected population goes to recovered state and HBV
is eliminated from the community.

4.2 COVID-19 Only Model

In Figure |5 simulation results representing the dynamics of Susceptible, Infectious, Vaccinated
and Recovered classes in the COVID-19 only model of are displayed. Figure |5| is plotted
using combination of all compartments and by taking fixed values of parameters in Table[2] We

3000
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Waccinated

[
=}
2
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1500
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o
=}
=]

500 [

0 5 10 15 20 25 30
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Figure 5: Numerical Solution for COVID-19

Only Model.
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Figure 6: COVID-19 Infection for different Figure 7: COVID-19 recoveries for different
effective contact rates. treatment rates.

observe initially, from Figure |5|that as number of infectious population increase in time, susceptible
population sharply decrease. However, in the long run, the solution curves for both Susceptible
and infective compartments behave like decreasing functions and approach reach to a fixed point.
The decline in the number of infective compartment occurs during the after the twentieth time
step of the epidemic, after which there is no remarkable change over time, but for fluctuations
around the deterministic solution.
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Similarly, the remaining classes, the vaccinated, and recovered populations also approach fix
points in the long run. Thus, all compartments will reach to the respective endemic fixed point of
the COVID-19 only model in within a finite time and in long run.

The numerical outcomes verifies the theorem’ statement that when Rj. < 1, then the disease
free equilibrium is locally and globally asymptotically stable .

The impact of various parameter on the transmission dynamics of COVID-19 was explored.
Numerical results are presented in Figure [6] and Figure [l We proceeded by first investigating the
effects of effective contact rate on population of infected individuals. This was done using selected
values of effective contact rate (5o = 0.005,0.006,0.007), while all remaining parameter values of
the model were held constant. Figure [6] shows that as the contact rate increases, the probability
that the population will be infected by diseases increases, and vice versa.

Next, we examine the effects of recovery rate on population of COVID-19 recoveries R (t).
Again, while we held all other parameters constant, we used various recovery rate (pc = 0.3, 0.4,
0.5). We observe in Figure m, that more individuals recover with increasing value in py¢, thus,
the reducing the number of COVID-19 infections in the population.

4.3 Coinfection Model

Figure [§] reveals that the curves representing the dynamics of Susceptible, Infectious, Vaccinated
and Recovered classes in the coinfection model . Figure |8 is plotted using fixed values of all
parameters from Table [2] we obtained our basic reproduction numbers Rjy- < 1.

We observe initially, from Figure [§| that as number of infectious population increase in time,
susceptible population will decrease, however, in the long run, the solution curves for Susceptible
and infective compartments I, I, and Iy behave like decreasing functions and approach reach
to a fixed point over time, but for oscillation around their deterministic path due to the presence
of the noise.
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HBV Infective
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Figure 8: Numerical Solution for colnfection
Model.

Similarly, the all remaining classes either decrease to zero or also approach to the fixed points
in the long run. In other words, all compartments will reach to the respective endemic fixed point
of model (|3) within a finite time and in long run. The numerical outcomes verifies Theory |10{ which
states that when Ry~ < 1, then the disease free equilibrium is locally and globally asymptotically
stable.

20


https://doi.org/10.1101/2024.08.12.24311861
http://creativecommons.org/licenses/by-nd/4.0/

medRXxiv preprint doi: https://doi.org/10.1101/2024.08.12.24311861; this version posted August 14, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity.
It is made available under a CC-BY-ND 4.0 International license .

600 . : 3500
.= 0.001 —— o= 010

— i, = 0.002 Il s = 1
500 2] 3000 He

2500 -
400

2000 -

Rit)

1500 -

200 |

1000 -

100 500 |

o 5 10 15 20 25 30 o 5 10 15 20 25 30
Time(in days) Time{in days)

Figure 9: Coinfection for different effective Figure 10: Coinfection recoveries for differ-
contact rates. ent treatment rates.

The impact of various parameter on the transmission dynamics of COVID-19 -HBV coinfection
is explored. Numerical results are presented in Figure [9] and Figure [I0] We proceed by first
investigating the effects of effective contact rate on population of infected individuals. This was
done using selected values of effective contact rate (Gyc = 0.001,0.002,0.003) , while all remaining
parameter values of the model were held constant. From figure [0 we observe that as values of
contact rate increases, there is an increased chance for the population to be infected by both
diseases, and vice versa.

Next, we examine the effects of recovery rate on population of Coinfected recoveries Ry (t).
Again, while we held all other parameters constant, we made use of varied recovery rate (pgc =
0.1, 0.15, 0.2). We observe in Figure that more individuals recover with increasing value in
prc, thus, the reducing the number of coinfectious in the population.

5 Conclusion

The majority of issues in the real world are not deterministic. Because of its proximity to ambient
sounds, the stochastic models allow us to model epidemic diseases in a more realistic manner. In
this paper, two distinct diseases were used to study a stochastically perturbed SIRS-type model.
Emphasis was given to explaining the effect of small fluctuations and perturbations due to sudden
environmental shocks in the coinfection transmission dynamics, hence, the inclusion of the white
noise and the Lévy noise. To determine the conditions for the local asymptotic stability of the equi-
libria, we first computed the reproductive number and the equilibria for the underlying stochastic
model . Furthermore, the conditions of extinction and persistence of HBV only, COVID-19
only, and coinfection model we investigated, and it was shown that persistence for all models were
dependent on the intensity of the white noise and the values of epidemic parameters involved in
disease transmission.

Additionally, we demonstrated the influence of different parameters on the infectious compart-
ments and demonstrated a broad variety of simulation results for all three stochastic models.
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